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1 Introduction

Learning from data may be a very complex task. To satisfactorily solve dif-
ferent problems, many different kinds of algorithms must be appropriately
combined or selected and applied. Feature extraction algorithms are valuable
tools, which prepare data for other learning methods. To estimate their use-
fulness one must examine the whole complex processes they are parts of.

The goal of the chapter is to present a short survey of different approaches
to learning from data with a special emphasis on solving classification (and
approximation) problems, where feature extraction plays especially important
role. We address this review to the readers who know the basic ideas of the
field and would like to get quick acquaintance with numerous techniques of
computational intelligence. Some familiarity with the foundations of statis-
tics and the ease of understanding mathematical formalism is certainly very
advantageous.

For novice readers we recommend textbooks by Duda et al. [2001], Mitchell
[1997], Bishop [1995], Haykin [1994], Cherkassky and Mulier [1998], Schalkoff
[1992], de S& [2001], Hastie et al. [2001], Ripley [1996], Scholkopf and Smola
[2002].

Our tutorial starts with the mathematical statement of the learning prob-
lem. Then, it presents two general induction principles: risk minimization and
Bayesian learning, that are widely applied in the algorithms being the subject
of this review and of the next chapters. A discussion of classification task and
their connections with the decision borders induced by classification models
precedes the survey of the learning machines including: Naive Bayes, Lin-
ear Discriminant Analysis, kernel methods, Neural Networks, similarity based
approaches and Decision Trees.
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2 The learning problem

The term learning machines encompasses many kinds of computational in-
telligence systems capable of gathering knowledge by means of data analysis.
The algorithms are sometimes divided into different groups (not necessarily
disjoint) such as machine learning, soft computing or more uniform types:
neural networks, decision trees, evolutionary algorithms etc. Learning from
data may be treated as searching for the most adequate model (hypothesis)
describing given data. A learning machine is an algorithm which determines
a learning model, which can be seen as a function:

v X =Y. (1)

The function transforms objects from the data domain X" to the set ) of possi-
ble target values. The data domain and the set of target values are determined
by the definition of the problem for which the fj; is constructed.

The very important point of learning is that the learning model fy; de-
pends on some adaptive parameters sometimes also called free parameters.
The purpose of learning of the model fj; can be seen as a process in which
a learning algorithm searches for parameters of the model fj;, which solves
given task.

The learning algorithm learns from a sequence D of data, defined in the
space X or in X x ):

D:{XI;XQa"'7Xm}:X (2)
D= {<X1,y1>, <X2ay2>7 R <Xmaym>} = <Xa Y> (3)

Usually X has a form of a sequence of multidimensional vectors. An alternative
statement of the problem defines X as a sequence of object names and provides
a matrix of values describing similarity between the objects.

The definition (2) states an unsupervised learning problem (learning with-
out teacher), where learning algorithms may base only on values x; (called
inputs) from the data domain. Unsupervised learning is used for example
in clustering, self-organization, auto-association and some visualization algo-
rithms.

In the case of definition (3) learning algorithms use pairs (x;,y;) where
y; is the desired output value for x;. Such learning is called supervised (with
teacher). When Y is a set of several symbols (the number |)| of elements of
Y is usually significantly smaller than the number of vectors in the training
data set), the learning problem is called a classification task and ) is called
the set of class labels. If | Y| = 2, then we deal with binary classification and if
| Y| > 2 — with multi-class problems. For convenience it is often assumed that
Y={-1,41}, ¥ ={0,1} or Y = {1,...,c}. Other examples of supervised
learning are approzimation (or regression) and time series prediction. In such
cases Y = RorY=Rx...x R.
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Risk minimization and Bayesian learning

Many learning algorithms perform a minimization of expected risk (or more
precisely: its approximation), defined by:

R[f) = /X 160 £09) dP(xy) (4)

where I(-) is a loss function, and P is the data distribution. Note that in the
case of unsupervised learning above equation does not depend on y and ).

The loss function may be defined in one of several ways. In the case of
classification it may be

0 f(x)=uy,
1 f(x) #y.

For binary classification with Y = {—1, +1} the soft margin loss proposed by
Bennett and Mangasarian [1992] may be used:

by(x,y, f(x)) = maz{0,1 -y f(x)}. (6)

The most popular loss function designed for regression (however it is also
commonly used for classification tasks) is the squared loss:

ls(xvya f(X)) = (f(X) - y)2 (7)

Another popular loss function dedicated for regression is called e-insensitive
loss:

le(x,y, f(%)) = { ()

le(xa Y, f(X)) = ma‘x{oa |f(X) - y| - 6}' (8)

It may be seen as an extension of the soft margin loss.
In the case of Y = {0,1} and f(x) € (0,1), a possible solution is the
cross-entropy [Kullback and Leibler, 1951] loss function

lee(%,y, f(x)) = —ylog f(x) — (1 — y)log(1 — f(x)). 9)

In practice, the distribution P(x,y), crucial for the integration of (4), is
usually unknown. Thus, the expected risk is replaced by empirical risk

1 m
emp EZ Xi, Yis f z 7 (10)

which is the average of errors over the set of data pairs (x;, y;). The empirical
risk used with the squared loss function is the well known mean squared error
(MSE) function:

m

Ruskelf] = %le(xhyu = %Z fxi) —yi)? (11)

i=1
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The sum squared error (SSE) is equal to m- Ryssg[f]. Hence, minimization of
MSE is equivalent to minimization of SSE (up to the constant m). In practice,
yet another formula is used ((11) with m replaced by 2 in the denominator),
because of a convenient form of its derivative.

Minimization of the empirical risk measured on a training data sample
does not guarantee good generalization which is the ability to accurately es-
timate the target values for unseen data'. Even if the empirical risk Repnp|[f]
is small, f may provide poor generalization i.e. for a representative sample
D' = {(x}, 1), (X5, ¥5), .., (XL, Y./} of test patterns the empirical risk

’
m

Recal ] = — 3" U041, £ ) (12)

i=1

may be much higher. The Ry.s[f] is commonly called test error.

Poor generalization is often caused by overfitting. One of possible ways to
protect the model against overfitting is to add a regularization term. Regu-
larization was originally proposed for ill-posed problems by Tikhonov [1963],
Tikhonov and Arsenin [1977]:

Rreg [f] = Remp[f] + /\Q(f) (13)

02(f) is a regularizer designated to control the complexity of f. More details
on regularization are presented in section 3.7.

The problem of finding the best model from some space H can be analyzed
from the Bayesian point of view. The Bayes theorem

p(ip) = 20T

(14)
defines the relationship between the posterior probability P(f|D) and prior
probability P(f) of given hypothesis f. This formula is fundamental in
Bayesian learning, which aims in finding the hypothesis which maximizes the
a posteriori probability? (MAP):

fuap = arginax P(f|D) = argmax P(D|f)P(f). (15)

Assuming equal a priori probabilities for all the hypotheses f € H leads
to the definition of the maximum likelihood (ML) hypothesis:

fur = argmax P(D|f). (16)

With additional assumptions that the training examples are identically and
independently distributed and correspond to a target function g with some

! Unseen means not used in the learning process.
2In the case of discrete distribution P denotes the probability, otherwise it is the
density function.
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normally distributed noise e ~ N (0, 0) (i.e. y = g(x)+¢), the maximization of

P(D|f) is equivalent to maximization of [/, P(y;|z;, f) and to minimization

of the negation of its logarithm which is exactly the minimization of MSE.
Equivalent formulation of (15):

frrap = arg g}éig [—logy P(D|f) —logy P(f)], (17)

lets us use the information theory language and state that the optimal model
is the one which minimizes the sum of the description length of the hypothesis
f (assuming the optimal hypotheses coding?®) and the description length of
the data D under the assumption that f holds (also assuming the optimal
coding). If the symbol of La(X) is used to denote the length of the descrip-
tion of X using coding C', then for a hypotheses coding C'y and data coding
Cy (assuming the hypothesis f) the Minimum Description Length (MDL)
principle [Rissanen, 1978] can be formulated as:

fupr = arg ?%III} [Lc, (D) + Loy (f)] - (18)

It confirms the expectations that shorter descriptions (simpler models) should
be preferred over sophisticated ones. The function being minimized in (17)
and (18) can be seen as a risk function (Lc,(D) = —logy, P(D|f)) with a
regularizer (Lo, (f) = —logy P(f)).

More detailed theoretical description of the problem can be found for ex-
ample in [Mitchell, 1997].

In the case of regression (with MSE function) or classification the error
(risk) function may be decomposed into bias and wvariance terms [Bishop,
1995, Duda et al., 2001]. The decomposition reveals the so-called bias—variance
trade-off — flexible models with low bias show large variance of results and
vice versa: highly biased models show small variance.

It is important to remember that regardless of the type of the error func-
tion being used, obtaining high level of generalization requires building as
simple models as possible. Model complexity should be increased only when
simpler models do not offer satisfactory results. This rule is consistent with the
medieval rule called Ockham’s razor and other ideas such as MDL principle
or regularization.

3 Learning algorithms

There is no commonly used taxonomy of the algorithms that learn from data.
Different point of views stress different aspects of learning and group the

3Shannon and Weaver [1949] proved that the optimal code assigns log,(P(i))
bits to encode message i.
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methods in different ways. Learning algorithms have different theoretical back-
ground and model the knowledge with miscellaneous data structures. Their
model building strategies may be founded on the achievements of statistics or
different kinds of optimization methods. The optimal (or suboptimal) models
can be determined with search strategies (from simple, blind search meth-
ods, through heuristically augmented search and evolutionary computation,
to global optimization techniques such as simulated annealing), gradient de-
scent methods, mathematical programming (linear and quadratic programming
find especially numerous applications) or other tools including fuzzy logic (see
chapter ??) and rough sets theory [Pawlak, 1982].

To increase the adaptation capability of computational intelligence sys-
tems, ensembles of many models are used. Such ensembles may be homoge-
neous (multiple models of the same kind) or heterogeneous (taking advantage
of different methodologies in a single learning process).

Classifier decision borders

Classification models divide the feature space into disjoint regions assigned
to class labels. Different classifiers provide different kinds of borders between
the regions (decision borders).

Figure 1 illustrates two examples of two-dimensional classification prob-
lems. Four different solutions for each of the data sets are depicted.

For both tasks, the top-left plot presents an example of linear decision
borders. Many learning algorithms yield models which discriminate with linear
functions only, e.g. linear discrimination methods (see section 3.2) and simple
neural networks (see section 3.4).

The top-right plots show decision borders perpendicular to the axes of
the feature space — most common solutions of decision tree algorithms (see
section 3.6).

In the bottom-left plots the classes are embraced with quadratic curves.
Such shapes can be obtained for example with simple neural networks with
radial basis functions (see section 3.4) and other nonlinear methods.

The bottom-right plots present decision borders of maximum classifica-
tion accuracy. Many learning algorithms are capable of finding models with
so complicated borders, but usually it does not provide a desirable solution
because of overfitting the training data — the accuracy reaches maximum for
the sample used for training, but not for the whole of the data.

Some adaptive models can separate more than two classes in a single learn-
ing process. Other algorithms must be run several times and their results must
be appropriately combined to construct a final classifier. The combination is
not straightforward because of possible conflicts between the combined models
— the bottom-left plot of figure 1(b) clearly shows such a clash.

Generalization and model selection

To determine the generalization ability of a model one would need to measure
the average risk for the set of all possible data objects. In real life applications
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(b) Two of four dimensions of the well known iris data [Fisher, 1936]

Fig. 1. Example solutions to two classification tasks: top-left — with linear decision
borders, top-right — specific for decision trees, bottom-left — with centered decision
areas and bottom-right — of maximum accuracy.
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it is not feasible, so we estimate the risk by counting it for a test set (equation
(12)). When doing this we should be aware of the danger of testing models on
a single test set (for example resulting from a rigid partition of the set of all
available data to the training and test parts). Model selection based on testing
trained models on a single test set does not get rid of the danger of overfitting.
More accurate estimation of the empirical risk can be obtained with n-fold
cross-validation (CV). In this technique we split the set of available data into
n parts and perform n training and test processes (each time the test set is
one of the parts and the training set consists of the rest of the data). Average
test risk can be a good estimate of real generalization ability of the tested
algorithm, especially when the whole cross-validation is performed several
times (each time with different data split) and n is appropriately chosen.
To get a good estimate of generalization ability of a learning machine, it is
important to analyze not only the average test error, but also its variance,
which can be seen as a measure of stability.

The Ockham’s razor and other issues discussed in section 2 suggest that
accurate models which are simple should provide stability and good gener-
alization. So, if we have several models of similar accuracy, we should prefer
stable models and the simplest ones (linear over nonlinear, those with the
smallest number of parameters etc.). Even if more complex models are more
accurate it is often worth to resign from high learning accuracy and select
less accurate but more stable or simpler models. The bottom-right images of
figure 1 present highly accurate models for the training data, but providing
poor generalization.

Another technique to obtain models of good generalization is regulariza-
tion (see section 3.7). Preserving large classification margins may also be seen
as a kind of regularization and has been successfully used in SVM methodol-
ogy (see section 3.3). Models with optimized margins may reach high level of
generalization despite the complexity of their decision borders.

In the case of high-dimensional feature spaces the information about the
function being modelled is often contained within a small-dimensional sub-
space and the rest of the features play a role of a noise, making learning
difficult. Hence, the methods of feature selection can be very helpful in the
pursuit of high accuracy and good generalization.

3.1 Optimal and Naive Bayes Classifiers

The Bayesian framework presented in section 2 deals with the problem of
selection of the optimal hypothesis describing given data set. Another problem
is how to assign proper class labels to given data objects. The optimal choice
is defined by the Bayes Optimal Classifier:

4Setting n to the number of data objects yields a special case of cross-validation
called leave-one-out which, although sometimes used, is not a good estimate (see
e.g. [Kohavi, 1995]).
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BOC(x) = argmax P(y|x). (19)
yey

Given a set of possible hypotheses H and training data set D the most
probable class of a new data vector x can be determined in accordance with
the law of total probability as [Mitchell, 1997]:

BOC(x|D, H) = P(y|h,x)P(h|D). 20
(x|D, H) argr;leagf;{ (y|h,x)P(h|D) (20)

Anyways, the BOC formula is useless in most real applications. To calculate
the probabilities for each of the classes one needs to know the probabilistic
structure of the problem and to examine all the candidate hypotheses, which
is usually impossible (even in quite simple cases).

Feasible Bayes classifiers must pay the price of losing the optimality guar-
antee. One of the well known simplifications of the method is Naive Bayes
Classifier. Its reduced complexity is the result of the assumption that the
random variables corresponding to particular features of the data space are
independent. It makes the definition of the maximum a posteriori class as
simple as:

P(x|y)P(y)
P(x)
= argmax Py HP xi|y). (21)

(x) argmeaa)f (y]x) argmeaj)f

The formula can be easily used if we know the probabilities of observing each
class and of observing a particular feature value among the populations of
vectors representing the classes. In real world applications the probabilities
can only be estimated on the basis of a given training data set.

In the case of discrete features the probabilities P(x;|y) can be evaluated
as the relevant frequencies of observing x; values among the vectors of class .
This is the most common application of Naive Bayes Classifiers. The frequen-
cies are good estimators when the training data set is large enough to reflect
real distributions. Otherwise some corrections to the frequencies calculations
(e.g. Laplace correction or m-estimate) are strongly recommended [Provost
and Domingos, 2000, Kohavi et al., 1997, Cestnik, 1990, Zadrozny and Elkan,
2001]. The corrections are also fruitfully used in decision tree algorithms.

The features with continuous values can be first discretized to use the same
method of probability estimation. An alternative is to assume some precise
distribution of the a priori class probabilities. Most commonly the normal
distribution is assumed:

Plaily) oc N(pi, o), (22)

where N is the normal density function while ;Y and o are respectively: the
mean value and the standard deviation of the i-th feature values observed
among the training data vectors belonging to class y.
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In practice the assumption of the independence of different features and
of the normality of the distributions may be far from true — in such cases also
the Naive Bayes Classifier may be far from optimal.

Some other approaches to the problem of estimation of the conditional
probabilities have also been proposed. One of the examples [John and Langley,
1995] gets rid of the assumption of normal distributions by using a kernel
density estimation technique.

3.2 Linear discriminant methods

Linear discriminant methods determine linear functions, which divide the do-
main space into two regions (see the top-left plot in figure 1(a)). Learning
processes adjust the parameters of linear models to obtain an optimal corre-
spondence between the half-spaces of the feature space and the data categories
(classes). Linear discriminant functions are defined by linear combinations of
the argument vector components:

f(x) =wlx 40, (23)

where w is a weight vector and —b defines the threshold.

If a vector x satisfies f(x) > 0, then the model assigns the label of the
positive category to it, otherwise the label of the negative class is assigned.
The instances for which f(x) = 0 define the hyperplane which splits the whole
space into the two regions.

For a given training data set, there can be no such hyperplane which
separates the vectors representing different classes. In such a case we say that
the problem is linearly inseparable.

In a multicategory case it is not possible to separate different classes with
a single linear discriminant function. One of the solutions to this is to form a
linear discriminant function for each class to separate the samples of the i-th
class from the rest of the training data. Another solution is to compose one
linear model for each pair of classes. Both ways may result in such a partition
of the space that for some regions there is no simple way to determine the
winner class, because the half-spaces corresponding to different classes overlap.
A good combination of the linear discriminants is the linear machine which,
given a linear discriminant function for each class y € ):

fy(x) = wyTx + by, (24)

provides a reasonable scheme of label assignment eligible for each point of the
space (except for the decision borders):

k= argryneajgc fy(x). (25)

The linear discriminant function can be determined in different ways. The
idea of Fisher’s linear discriminant [Fisher, 1936] lies in maximization of



Learning Machines 11
m—_i1 —Mmy1 = WT(m_1 — m+1), (26)

where m4 are the means calculated for the two classes:

1
my =— X;. (27)
{5y = £1}| {jzgﬂ} ’

Maximization of (26) can be seen as maximization of the distance between
the projected averages (m41). Such criterion could strongly depend on the di-
rections of the largest spread of the data. This is why the final Fisher criterion

1S 9
(m—1 —my1)

s = P (28)
where 52, is the within-class variance. It results that the w should be
wo Sy (m_; —myy) (29)
where
Sw= Y, (y—my)(x;—m )"+ D (x;—my)(x;—my)" (30)
{i;=—1} {ii=+1}
Equation (29) defines the direction of the discriminant:
fx) =w'(x - %) (31)

where X is the average of all the training samples.

Most linear discriminant learning methods are based on the gradient de-
scent procedure. Its general scheme is presented in the following algorithm.
To simplify the notation we define w = [b, w1, ..., w,|T and % = [1 x]7.

Gradient descent procedure

k:=0; init wyo;
do
Witr1 = Wi — n(k)VJ(wg);
k:=k+1;
while not stop—criterion(k, 6, VJ(wyg), n(k))
return w;

A typical definition of the stop-criterionis [n(k)VJ(wy) < 0], where 6 is
a user-defined parameter. The (k) controls the speed of learning. Sometimes

n(k) is a constant scalar below 1 and sometimes a decreasing function, such as

n(k) = n(0)/k. In the second order forms n(k) can be equal to %"%

(H is the Hessian of J(wy,)). If (k) is defined as H™!, then the Newton descent
algorithm is obtained.
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Another source of flexibility of the gradient descent algorithm is the defi-
nition of J(wy). Moreover, the algorithm may work in batch or online mode.
In the batch mode the VJ(wy) is calculated using the whole training data
set, and in the online mode V.J(wy) is defined for a single (current) vector.
The Least Mean Square (LMS) algorithm defines the J(wy,) as:

J(wi) = Z(ngi —vi)?, (32)

i
and modifies the weights (in the online version) as follows:
Wit = Wi + 10(k)(yp — Wi %p) . (33)

The p index is chosen randomly or is equal to (¢ mod m) + 1.
Another definition of J(wy,) is the perceptron criterion:

J(wi) =Y —ypw'%, (34)
PEPk

where Py is the set of indexes of misclassified vectors. Then the weight changes
are:

Wit1 = Wi + (k) Z YpXp- (35)
PEPk

Relaxation procedures use squared versions of the perceptron criterion:

(ngz) - 6)2
||x][?

J(wy) = Z (Wix,)?  or  J(wy) = Z

pEPx pEP’

(36)

where P’y = {i : w}x; < 3} and 3 is a constant defining a margin. Similar
idea of margins plays a prominent role in Support Vector Machine algorithms
which, used with linear kernels, are an efficient linear discrimination method-
ology capable of optimizing the margins (see below for more).

An exhaustive description of several linear discriminant methods can be
found in [Duda et al., 2001, Guyon and Stork, 2000].

3.3 Support Vector Machines

Support Vector Machines (SVMs) were introduced by Boser et al. [1992].
Initially SVMs were constructed to solve binary classification and regression
problems. Today, there are several more areas where the SVM framework has
been successfully applied [Scholkopf and Smola, 2002], for example: novelty
detection (data set consistency) [Scholkopf et al., 1999, Schélkopf and Smola,
2002], clustering [Ben-Hur et al., 2001], feature selection [Fung and Mangasar-
ian, 2003, Guyon et al., 2002, Weston et al., 2001, Scholkopf and Smola, 2002],
feature extraction (kernel PCA) [Schélkopf and Smola, 2002], kernel Fisher
discriminant [Scholkopf and Smola, 2002].
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In application to classification problems SVMs can produce models with
different kinds of decision borders — it depends on the parameters used (es-
pecially on kernel type). The borders can be linear (like in top-left plots of
figure 1) or highly nonlinear (may resemble the bottom-right images of fig-
ure 1). Here the complexity of the borders not necessarily announces poor
generalization, because the margin optimization (described below) takes care
for proper placement of the border.

SVMs minimize the empirical risk function (10) with soft margin loss func-
tion (6) for classification problems or with e-insensitive loss function (8) for
regression problems. For connections of risk function and regularization with
SVMs compare section 3.7 and especially table 1.

Optimal hyperplane

The construction of the optimal hyperplane is the fundamental idea of SVM.
The optimal hyperplane separates different classes with maximal margin (the
distance between the hyperplane and the closest training data point). Such
goal can be defined as maximization of the minimum distance between vectors
and the hyperplane:

max min{|[x — x| : wx+b=0, i=1,...,m}. (37)

The w and b can be rescaled in such a way that the point closest to the
hyperplane w”x+b = 0, lies on a hyperplane w’x+b = £1. Hence, for every
x; we get: y;[wl'x;+b] > 1, so the width of the margin is equal to 2/||w]|. The
goal (37) can be restated as the optimization problem of objective function
T(W):

1
min 7(w) = ||wl[* (38)
w,b 2
with the following constraints:

yilwlx; +b]>1 i=1,...,m. (39)

To solve it a Lagrangian is constructed:

1 m
L(w,b,a) = 5||w||2—Zai(yi[xiTw—f—b]—l), (40)
=1
where a; > 0 are Lagrange multipliers. Its minimization leads to:
m m
Z ;1 =0, w = Zaiyixi. (41)
i=1 =1

According to the Karush-Kuhn-Thucker (KKT) conditions [Schélkopf and
Smola, 2002]:
i(yilxiw+b—1)=0, i=1,...,m. (42)
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The non-zero «; correspond to y;[x!w + b = 1. It means that the vectors
which lie on the margin play the crucial role in the solution of the optimization
problem. Such vectors are called support vectors.

After some substitutions the optimization problem can be transformed to
the dual optimization problem:

m m
1
max W(a) = E @i =g E aiajyiijiTXj (43)
i=1

ij=1

with constraints:
m
;>0 i=1,...,m, Zaiyizo. (44)
i=1

Using the solution of this problem the decision function can be written as:

f(x) =sgn <Z yixtx; + b) . (45)

i=1
The kernel trick

The dot product xT'x’ in (43) and (45) can be replaced by a kernel function
k(x,x") = ¢(x)Tp(x') [Boser et al., 1992]. It extends the linear discriminant
SVM to a nonlinear machine. The new decision function is:

f(x) =sgn (Z aqyik(x,%;) + b) : (46)

i=1

The dot product is the simplest kernel and may be generalized to the
polynomial kernel
kp(x, %) = [y(x"x') + 6)7, (47)

where ¢ is an integer and 8 = 0 or § = 1. Probably the most powerful is the
gaussian kernel
ke (x,x') = expl—lx — x/|[2. (48)

The SVM decision function (46) with gaussian kernel is equivalent to RBF
networks (67). Another popular kernel is the hyperbolic tangent

ki(x,x') = tanh(y[x"x'] + 6). (49)
Soft margin hyperplane

The construction of optimal hyperplane is impossible if the data set (trans-
formed by kernels if kernels are used) is not linearly separable. To solve this
problem Cortes and Vapnik [1995] introduced the soft margin hyperplane tech-
nique using slack variables & (& > 0):
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yilwlx; +b>1-¢& i=1,...,m. (50)

This leads to a new optimization problem:

S B E
glll)g §||W|| +C;fi (51)

with constraints (50). It defines a Support Vector Classifier (SVC) with the
C parameter (C-SVC) controlling the balance between training accuracy and

the margin width (C must be greater than 0).
The dual optimization problem for C-SVC is defined as

m m
1 T
max W(a) = Zai ~3 Z 0O Yy X X (52)
i=1 i,j=1
with constraints:
m
0<a; <C i=1,...,m, > ajy;=0. (53)
i=1

v-SvVC

Scholkopf and Smola proposed the v-SVM [Schélkopf and Smola, 2002] jus-
tifying that the C' parameter of C-SVC is not intuitive. They defined a new
primary optimization problem as:

. 1 2 1 -
Juin - 7(w,€,p) = 5wl —VP+E;£Z (54)

with constraints:
yilxIw+b>p-&,  &>0, p>0 (55)

If the p after the optimization procedure is greater than 0 then v has
an interesting interpretation: it is the upper bound of the fraction of vectors
within the margin and the lower bound of the fraction of vectors which are
support vectors.

The v-SVM has also been stated for regression tasks [Scholkopf et al.,
2000].

Regression with SVM (e-SVR)

The starting point to define the SVM for regression (SVR) is the e—insensitive
error function which is defined by (8).
The goal of regression can be defined as minimization of
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1 m
SIWIP+C D lyi = fxi)le. (56)
i=1

The primary optimization problem formulation is based on two types of
slack variables & and £: the former for f(x;) — y; > € and the latter for
y; — f(xi) > e. It can be stated as:

min 7w, 6,67) = gllwll? + O (G + ) (57)

= ’ 1=1
Wi‘h COIlSlI"aiINS:

f(xi)—yi < e+&, yi— f(x:) < e+&f, &6 20, i=1,....,m. (58)
Quadratic programming problems

Each of the above algorithms solves its dual optimization problem by means
of quadratic programming (QP). The first implementations of QP were sig-
nificantly less effective than the recent ones. The dual optimization problems
defined for SVC (43), C-SVC (52), v-SVM, e-SVR can be generalized to:

1
min  -a’Qa+pla, (59)
a 2

where p depend directly on dual optimization problem (for example in the
case of optimization problem defined by (43) p is a vector of 1’s).

The crucial point of the most effective implementations is the decomposi-
tion of the QP problem [Osuna et al., 1997, Joachims, 1998, Platt, 1998].

max  W(as) = (p - Quran) on — sahQonan,  (60)
where [Qi; = yiy,;k(xi,x;))]. The idea is that the vector v is divided into: the
working part ap and the fixed one aug. At particular stage only the working
part is being optimized while the fixed part does not change. During the
optimization procedure the subset B is changed from time to time. The most
interesting examples of decomposition algorithms are SVM'9"* [Joachims,
1998] and SMO [Platt, 1998] with modifications described in [Keerthi et al.,
2001]. These two algorithms differ in the working set selection technique and
in the stop criterion.

3.4 Artificial Neural Networks

Artificial neural networks (ANN) represent a very broad class of different
algorithms designed for classification, regression, (auto-)associations, signal
processing, time series prediction, clustering etc. A number of good books
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Fig. 2. A neuron. Transfer function Fig. 3. An example of neural network. z;
F(x) = o(I(x)) is a superposition of  denotes inputs, h — hidden neurons, o; — out-
output function o(-) and activation  puts. This network is composed of input, one
function I(-). hidden and output layers.

on neural networks may be recommended [Bishop, 1995, Haykin, 1994, Koho-
nen, 1995, Ripley, 1996, Zurada, 1992]. Here only a few most popular concepts
related to artificial neural networks, used in classification and regression prob-
lems, are presented.

First neural networks were proposed by McCulloch and Pitts [1943]. Neu-
ral networks are built from neurons which are grouped in layers. Neurons
may be connected in a number of ways. For an example see figure 3. A sin-
gle neuron can be seen as an operational element which realizes a transfer
function based on incoming signals x. Transfer function is a superposition of
output function o(-) and activation function I(x) — compare figure 2. If all the
transfer functions realized by neurons are linear, then also the neural network
realizes a linear transformation. There is a variety of transfer functions, and
their type strongly determines the properties of the network they compose
(see the review by Duch and Jankowski [1999]). Two best known activation
functions are the inner product (w'x) and the Euclidean distance (||x — t||).
The best known output functions are the threshold function [McCulloch and
Pitts, 1943]:

-1 I-60<0,

61
1 I-6>0, (61)

9([;9)—{

the logistic function®: o(I) = 1/[1 + e~!], and the gaussian function (48).
Perceptrons (or threshold units) are defined as the threshold output func-
tion with the inner product activation and were studied by Rosenblatt [1962]:

SLogistic function is a special case of sigmoidal function.
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F(x;w) = O(xTw;0). (62)
The perceptron learning goes according to the following update rule:
w=w + 1y — F(x;;w)]x;. (63)

The most common and successful neural network is the multilayer per-
ceptron (MLP). Tt is an extension of the concept of perceptron. MLP is a
feedforward network with at least one hidden layer. The ith output of MLP
(with { hidden layers) is defined by:

oi(x;w) =0 Zwi}“qﬁé , (64)
J

where 0 may be a linear or a nonlinear function, wf] denotes the weight con-
necting jth neuron in kth layer with ith neuron in layer k+ 1 (we assume that
the output is the layer number [+ 1) and ¢¥ is the total output of ith neuron
in kth layer:

@) =x;,  F=o D wheh )| k=1,...1 (65)
J

where o(-) is a sigma-shaped function, typically the logistic function or the
hyperbolic tangent function.

The MLP network may be trained with the back-propagation algorithm
[Werbose, 1974]. The weights (connections between neurons) are adapted ac-
cording to the gradient-based delta-rule:

Wj; «— Wi + A’LUji, A’U}ji =-n (66)
where FE is the mean squared error (11).

Neural networks with single hidden layer, using sigmoidal functions are
universal approximators [Cybenko, 1989, Hornik et al., 1989], i.e. they can
approximate any continuous function on a compact domain with arbitrary
precision given sufficient number of neurons®.

Decision borders of neural network classifiers using linear transfer functions
only, are linear (like in top-left plots of figure 1). Nonlinear transfer function
introduces nonlinearity to decision borders which can get different shapes (for
example similar to the bottom-left or bottom-right plot of figure 1).

The back-propagation algorithm has been accelerated and optimized in a
number of ways. For example Quickprop [Fahlman, 1988], conjugate gradient

5These mathematical results do not mean that sigmoidal functions always pro-
vide the optimal choice or that a good neural approximation is easy to find.
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[Fletcher and Reeves, 1964] or Newton method (see section 3.2) or Levenberg-
Marquardt [Levenberg, 1944, Marquardt, 1963]. Other types of algorithms
are also in use. The cascade correlation (CC) is one of the best learning
algorithms for the MLP networks. In CC the network is growing. For each
new neuron the correlation between its output and the error of the network
is maximized [Bishop, 1995].

Striving for as simple models as possible, we can eliminate the useless
weights with miscellaneous pruning techniques, such as the optimal brain dam-
age [Cun et al., 1990] and optimal brain surgeon [Hassibi and Stork, 1993] or
with weight decay regularization [Hinton, 1987].

Another popular group of neural networks is the family of radial basis
function (RBF) networks [Poggio and Girosi, 1990] applicable to both classifi-
cation and regression problems. They are also universal approximators [Hart-
man et al., 1990, Park and Sandberg, 1991]. These networks substantially
differ from the MLPs: the neurons are based on radial functions instead of
sigmoidal functions, and quite different learning algorithms are used. RBF
networks can be defined by:

K
frer(X;W) = ZwiGi(x) +b. (67)

Here G(-) represents a radial function. The simplest type is the radial coordi-
nate neuron (||x — t|, t is the center of the neuron), and the most often used
one is the gaussian neuron which is nothing else but Gaussian kernel defined
by (48). RBF network function (67) is, up to the sgn function, the same as
the SVM model (46) with Gaussian kernel (48).

Typically the learning process of the RBF network is divided into two
stages. The first one (usually unsupervised) determines the initial positions of
radial neurons as centers of clusters obtained by a clustering algorithm (for
example k-means clustering [Duda and Hart, 1973]) or as a random subset of
the learning data. The second phase tunes the weights and (frequently) the
centers and biases (v in (48)) using a gradient descent algorithm [Poggio and
Girosi, 1990, Bishop, 1995], ortogonal least squares [Chen et al., 1989] or EM
algorithm [Bishop et al., 1996]. Often, some regularization terms (compare
section 3.7) are added to the MSE error function [Poggio and Girosi, 1990,
Bishop, 1995] to avoid the overfitting of the network.

Some RBF networks are able to automatically adjust their architectures
(the number of neurons and weights in hidden layer) during the learning
process, for example RAN [Platt, 1991] or IncNet [Jankowski and Kadirka-
manathan, 1997].

There are many different transfer functions [Duch and Jankowski, 1999]
which can be used in MLP or RBF networks. Trying different functions (es-
pecially combined into a single heterogeneous network [Jankowski and Duch,
2001]) can significantly increase the generalization capability and at the same
time reduce the network complexity.
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3.5 Instance based learning

The instance based or similarity based methods are a large branch of the
machine learning algorithms that were developed by the pattern recognition
community. A primary example of such models is the k nearest neighbors
(kNN) algorithm [Cover and Hart, 1967], which classifies data vectors on the
basis of their similarity to some memorized instances. More precisely, for a
given data vector it assigns the class label that appears most frequently among
its k nearest neighbors. This may be seen as an approximation of the Bayes
Optimal Classifier (19), where the probabilities are estimated on the basis of
the analysis of the vicinity of the classified example.

Methods restricting their analysis to a neighborhood of given object are
called local. The locality causes that the shape of the decision border can
be very complicated and has no simple and general characteristic. In the
case of single neighbor classifier (INN), the decision borders are the Voronoi
tesselation of the feature space (see e.g. [Duda et al., 2001]).

There are many different possibilities of kNN algorithm implementation
and application. For example, different distance measures can be used (pos-
sibly yielding quite different results and different decision borders), and the
choice is not simple. There are some methods aiming at the optimal choice of
the similarity measure [Wilson and Martinez, 1997]. Heterogenous measures
are recommended when the classified objects are described by both ordered
and unordered features.

Also the choice of neighbors is not an unambiguous task. One can select
k nearest neighbors or neighbors within a given radius. Neighbors influence
on the decision may be weighted according to the distance (1/(1 + dist) or
max[1 — dist, 0]), flexible k depending on the region may be used, best k may
be estimated by means of cross-validation, etc. (for a systematic presentation
of different aspects of such methods see [Duch, 2000]).

A group of algorithms is dedicated to prototype selection (instances among
which search for neighbors is done). Comparisons and reviews of these meth-
ods can be found in [Wilson and Martinez, 2000, Jankowski and Grochowski,
2004]. Algorithms that work well for prototype selection include DROP, Ex-
plore, LVQ, DEL, ICF and ENN.

3.6 Decision trees

Decision trees are hierarchical models, very popular in classification tasks.
Figure 4 presents two simple examples of such trees displayed in upside-down
manner — the root is placed at the top and branches grow down. The tree
nodes are described by logical conditions using single features. This is the
most common technique in decision trees implementations and results in de-
cision borders perpendicular to the axes of the feature space (see figure 1).
Another shapes of borders are possible when, for instance, linear combina-
tions of features or distances from some reference points are used in logical
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Fig. 4. Decision trees corresponding to decision borders presented in the top-left
plots of figure 1.

expressions assigned to the nodes, however perpendicular borders are often
preferred, because of their comprehensibility.

In some fields experts’ knowledge can be directly used to specify decision
rules, but more often all that is given, is a set of classified data vectors, so the
best way to find decision rules is to use computational intelligence tools.

Tree growing algorithms start with a given training data set as the root
node and recursively split the nodes into several disjoint parts to separate
vectors assigned to different classes. Each split is described by a general logical
rule, which in fact divides the whole feature space (not just the training set)
into separate regions. Hence, decision trees can usually be presented in a form
of logical rules. Such comprehensible models are advantageous in many fields
(for instance in medical diagnosis) and provide information about particular
feature relevance. The recursiveness of the processes makes feature selection
a local task — useful features can be picked up even if they are valuable only
in a subregion of the input space, while from the point of view of the whole
space they seem to contain less information than other features.

Building optimal trees is a very complex problem, especially because the
optimization of a particular split is not the same as maximization of classifi-
cation accuracy for the whole model (de S& [2001] shows that it is true even
when dealing with a family of quite simple trees).

A number of different decision tree construction methods has already been
published. Some of them are: Classification and Regression Trees (CART)
[Breiman et al., 1984], ID3 [Quinlan, 1986], C4.5 [Quinlan, 1993], Separability
of Split Value (SSV) Trees [Grabczewski and Duch, 1999], Fast Algorithm for
Classification Trees (FACT.

The methods are based on different ideas and use different model struc-
tures. Some of them use dichotomic splits (CART, SSV), others allow for
more complex branching. Some algorithms assume a particular data distribu-
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tion and use parametric statistical tests (FACT, QUEST, Cal5), others make
no such assumptions.

Nevertheless, all trees can be described with the same terminology includ-
ing nodes, subnodes, subtrees, leaves, branches, branch length, tree depth,
class labels assigned to nodes, data vectors falling into a node, and others.
The definitions are quite natural, so we do not provide them here.

There are three main aspects, where decision tree algorithms differ from
each other: the way nodes are split into subnodes, the way of tree construction,
which in most cases is just a search process”, and the way of taking care for
generalization (stopping criteria or pruning techniques).

Splitting criteria

Splitting nodes according to continuous and discrete inputs must be performed
differently. This is why some methods (like ID3) can deal only with discrete
features. Continuous attributes need to be converted to discrete before such
algorithms can be applied. Good classification results can be obtained only in
the company of good (external) discretization methods.

On the other side: methods like FACT and QUEST are designed to deal
only with continuous input — here discrete features are converted to continuous
by translating them into binary vectors of dimension equal to the number of
possible discrete values and then, projected to a single dimension. The original
Calb algorithm was also designed for continuous data, however it can be quite
easily adapted to deal with discrete features.

The candidate splits of continuous features are usually binary (of the form
{(=00,a], (a,00)}), however there exist some methods which split such input
into several intervals (e.g. FACT and Cal5).

Most decision tree algorithms split the nodes with respect to the values of
a single feature. Selecting the feature most eligible for the split is often closely
bound up with the selection of the splitting points (CART, C4.5, SSV). An
alternative strategy is applied in FACT, where the split feature is defined as
the one that maximizes the value of F' statistic known from the analysis of
variance (ANOVA) method. The QUEST algorithm also calculates F' statistic
for continuous features, but for discrete ones it uses y? statistic (to prevent
from favoring the discrete attributes over continuous ones). Also Cal5 selects
the split feature with a separate algorithms: either the amount of information
about the classes is measured with entropy based formula (in this case the
discretization must be performed first) or a coefficient is calculated for each

"Simple search techniques like hill climbing are most frequently used. The ex-
perience shows that increasing the computational efforts of the search method (e.g.
using beam search) does not improve the generalization abilities of constructed trees
[Quinlan and Cameron-Jones, 1995] — no reliable explanation of this fact is known,
but it looks like more thorough search leads to solutions more specific to the training
set.
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feature to estimate their class separation abilities on the basis of mean squared
distances within classes and between class centroids.

The most common split selection criterion is called purity gain or impurity
reduction. For a split s and tree node N it is defined as:

Al(s,N) = I(N) - ZPiI(NiS)v (68)

where I is a node impurity® measure, Nf is the i-th subnode of N resulting
from split s, and p; is the estimated probability of falling into N/ provided
that the data vector falls into N (usually the quotient of the numbers of
training vectors in the relevant nodes). This criterion is used in CART with
the impurity measure called Gini indez:

I(N)=1= [P(yIN)]*. (69)

yey

Another impurity measure comes from the information theory and uses en-
tropy:
Ip(N) = =Y P(y|N)log, P(y|N). (70)
yey

Applied with (68) it gives the information gain criterion. It is the idea of ID3,
also available in CART. C4.5 uses a modification of this criterion (information
gain divided by split information) known as the impurity gain ratio:

Al
AI'(s,N) = WEEV) SI(s,N)=— Zpi 10g, pi.- (71)

The idea of SSV criterion is to perform binary splits which separate as
many pairs of training vectors belonging to different classes as possible, while
separating possibly lowest number of pairs of vectors representing the same
class:

SSV (s, N) =2- Y [NF AN [-[N5\Ny[= Y min(IN7 AN, |, [N5ON,|), (72)
yey yey

where N, is the set of training vectors of class y falling into node IN. Because of
the second part of the formula, the SSV criterion does not fit to the impurity
reduction scheme (68).

FACT implements completely different idea of nodes splitting — a linear
discrimination analysis splits each node to the number of parts equal to the
number of classes represented within the node. QUEST uses quadratic dis-
criminant analysis and performs binary splits — the two-means clustering of
the class centers is used to group classes into two superclasses.

8 A node is regarded as pure if all the samples belonging to it, represent the same
class.
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The authors of CART also group the classes in order to make dichotomic
splits. They call the technique twoing and group vectors striving for super-
classes of possibly similar counts.

Although SSV Trees are also binary, there is no need for twoing, because
the SSV criterion definition guarantees good behavior also for multiclass data.

Calb also applies statistical methods for splitting continuous features into
intervals. A single process is responsible for both discretization and deciding
whether to further split the subnodes or not. The data vectors are sorted by
the values of particular feature, and the intervals are created from —oo to oo
testing statistical hypotheses to decide the positions of interval borders. After
discretization the adjacent intervals can be merged: leaf-intervals are merged
if they share the majority class, and non-leaves if they consist of vectors from
the same set of classes (after discarding infrequent class labels by means of a
statistical test).

Generalization

Building decision trees which maximally fit the training data usually ends up
in overfitted, large trees with leaves classifying only a few cases, and thus does
not provide general knowledge about the problem. To keep the trees simpler
and more general the methods may use stopping criteria. A simple idea is to
keep the numbers of vectors in the nodes above a specified threshold. Another
way is to extend the separability criterion with a penalty term conforming
to the Minimum Description Length principle. In both cases it is difficult to
define criteria which yield results close to optimal. A more reasonable way is
to use statistical tests to verify the significance of the improvement introduced
by a split (such technique is a part of C4.5).

Stopping tree growth can save much time, but makes optimum solutions
less probable. Usually, better generalization is obtained when building overfit-
ted trees and pruning them. There are many different pruning methods. They
may concern tree depth, number of vectors in a node etc. Their parameters
can be chosen on the basis of a cross-validation test performed within the
training data (like in CART, QUEST or SSV Tree).

Missing values

The training data set can be incomplete (some feature values for some data
vectors may be inaccessible). Putting arbitrary values in the place of the
missing ones should be taken into consideration only if no other methods can
be used. Much caution about it is advised.

CART introduced the idea of surrogate splits, which is to collect some
spare splits, maximally similar to the main one but using different features.
The surrogate splits are used when the classified data vector does not provide
the value necessary to check the main split condition.

When C4.5 is trained on incomplete data, the gains are scaled with a factor
equal to the frequency of observing the feature values among the vectors falling
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into the node — each training sample has a weight associated with it, and the
weights affect the p; values of (71).

The SSV criterion simply does not include the vectors with missing values
in calculations. Such vectors are regarded to fall into both subnodes. When
an incomplete vector is to be classified by SSV Tree, all the branches of non-
zero probability are checked and their leaves are treated as a single leaf to
determine the dominating class.

Other decision tree ideas

There are many other decision tree algorithms, not mentioned here. Some of
them are just slight modifications of the basic ones (e.g. NewID is an improved
ID3), and some are quite original.

TDDT (Top-Down Decision Trees) is the algorithm available in the
MLC++ library [Kohavi et al., 1996]. It is similar to C4.5 and introduces
some changes to protect against generating small nodes which are created by
the information gain based strategies when discrete features have multiple
values.

There are also some decision thee approaches, where node membership is
decided by more than one feature. Dipol criteria (similar to SSV) have been
used [Bobrowski and Kretowski, 2000] to construct decision trees where split-
ting conditions use linear combinations of features. Linear Machine Decision
Trees (LMDT) [Utgoff and Brodley, 1991] use linear machines at tree nodes.
They try some variable elimination, but in general such methods are not eligi-
ble for feature selection — instead they construct new features as combinations
of the original ones.

Oblique Classifier (OC1) [Murthy et al., 1994] combines heuristic and non-
deterministic methods to determine interesting linear combination of features.
It searches for trees by hill climbing.

Option decision trees [Buntine, 1993] allow several alternative splits of the
same node. The final classification is determined with relevant calculations
and an analysis of probabilities.

On the basis of the SSV criterion heterogeneous decision trees have been
proposed [Duch and Grabczewski, 2002]. Their split conditions may concern
distances from some reference vectors.

3.7 Regularization and complexity control

Regularization and model complexity control are very important, because they
help us obtain most accurate and stable models for given data D.

There are many possible definitions of the regularizer £2(f) augmenting
the empirical risk (13). One of them is the weight decay proposed by Hinton
[1987], also called ridge regression, defined as square Lo-norm of parameters:

Qualf] = |Iwll3. (73)
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We assume that the model f is parameterized by w (f = f(x;w)) or its
superset. The regularizer used with the empirical risk yields:

Rwd[f] = Remp+)\||w||2a (74)

but it may be used also with other risk functions. For example in the SV
framework it is used in conjunction with loss function defined for classification
(6), regression (8) or empirical quantile function [Scholkopf et al., 1999], to
control the spread of the margin (see (38), (51) and (56)).

Regularization via {2,,4[f] term is equivalent to assuming Gaussian prior
distribution on the parameters of f in faap (17). On the assumption of
Gaussian priors for parameters w; with zero mean (P(w;) o« exp|[—w?/o2])
and independence assumption on parameters w we have

—log, P(f) o —1nHexp w?/o?] o ||w][* (75)

2,4 1s also used with penalized logistic regression (PLR), where loss is
defined as log(14exp[—y f(x)]). On the other side, PLR may also be used with
[|[w||1 regularizer, which in regularized adaboost is used with loss exp[—y f(x)]
and in lasso regression with squared loss.

A variant of ridge regression is the local ridge regression:

err [f] = Z)\'ng’ (76)

intended for local smoothing of the model f (compare [Orr, 1996]). Commonly,
the regularization parameters are determined with a cross-validation.

Weigend et al. [1990, 1991] proposed a weight elimination algorithm which
can be seen as another regularization penalty:

ulf) =Y L (77)

14w} /wj

where wy is a constant. This regularizer is not so restrictive as 2,4 and allows

for some amount of parameters of large magnitude. For the weight elimination

the A from (13) may become a part of learning [Weigend et al., 1990, 1991].
A regularization of the form

mlp2[n Z wy w'L + 1) (78)

was used to build and learn especial type of MLP networks (MLP2LN). Such
regularizer forces the weights to become close to 0, +1 or —1, which is very

advantageous from the point of view of logical rule extraction [Duch et al.,
1998].
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Very interesting property of regularization was shown by Bishop [1995]. He
proved that learning with Tikhonov regularization [Tikhonov, 1963, Tikhonov
and Arsenin, 1977] is equivalent to learning with noise.

Table 1 displays some well known algorithms in the context of loss func-
tions and regularizers.

Algorithm Loss Regularizer

Weight decay/ridge regression (y — f(x))? [|w||3

Original SV classifier max{0,1 —yf(x)} |w]|3

SV for regression max{0, |y — f(x)| — ¢} ||w]|3

Penalized logistic regression  log(1 + exp[—yf(x)])  |[w]|[3, ||w]|1
Regularized adaboost exp[—y f(x)] [[w]|1

Lasso regression (y — f(x))? [|w]|1

Local ridge regression (y — f(x))? > Awy

Weight elimination (y — f(x))? > (wi /wg) /(1 + w; Jwd)
MLP2LN (y - F(0))? 5w (w5 — 1) (w; + 1)°
Linear discrimination miscellaneous [|w||3

Learning with noise (y — f(x))? noise

Table 1. Combinations of loss functions and regularizers.

Regularization may be used as embedded feature selection or a neuron
pruning technique. Beside the regularization several other techniques were
developed to control the complexity of learning machines. One of them uses the
cross-validation technique (compare page 8) for learning: the submodels are
learned and the influence of selected parameter(s) is measured and validated
on the test part of the data. This type of complexity control is used for example
in decision trees (see section 3.6) or (as mentioned above) for estimation of
the adequate strength of regularization. A similar goal may be reached with
Monte Carlo scheme used in place of the cross-validation randomization.

Controlling complexity of artificial neural networks may be done by adjust-
ing the structure of neural network (the number of neurons and the weights
of connections between neurons) to the complexity of considered problem.
ANN’s which can change their structure during learning are called ontogenic.
For more information on ontogenic neural networks see [Fiesler, 1994, Platt,
1991, Jankowski and Kadirkamanathan, 1997, Adamczak et al., 1997, Cun
et al., 1990, Hassibi and Stork, 1993, Finnoff et al., 1993, Orr, 1996, Mezard
and Nadal, 1989, Frean, 1990, Campbell and Perez, 195, Fahlman and Lebiere,
1990].
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3.8 Complex systems

Learning machines generate very different models, demonstrating large vari-
ability [Breiman, 1998]. Different models combined into a single, larger model
facilitate data analysis from different points of view. A non-deterministic
learning process may produce different models even when trained several times
on the same data. A deterministic machine can also give different results when
trained on different data samples (e.g. generated in a cross-validation manner
or with different bootstrap methods). Quite different models should be ex-
pected when completely different learning techniques are applied. A number
of different models can be used as a committee (or ensemble) — an averaged
decision of several experts is likely to be more accurate and more stable. Aver-
aging of results can be done in several ways, compare the strategies of known
ensembles such as bagging [Breiman, 1998], adaboost [Freund and Schapire,
1996, 1997, Schapire et al., 1998], arcing [Breiman, 1996], regionboost [Maclin,
1998], stacking [Wolpert, 1992], mizture of local experts [Jacobs et al., 1991],
hierarchical mizture of experts [Jordan and Jacobs, 1993] and heterogenous
committees [Jankowski et al., 2003]. Cross-validation can be used to test the
generalization abilities of models and to build committees at the same time.
Sometimes (especially when the validation results are unstable) it is more
reasonable to combine the validated models than to use their parameters to
train a new model on the whole training data set. Chapter 77 presents more
information on ensemble models.

Each expert has an area of competence, and the same applies to computa-
tional intelligence models. It is worth to analyze the competence of committee
members and to reflect it in committee decisions [Duch et al., 2002].

Some learning algorithms should be applied only to appropriately prepared
data (standardized, with preselected features or vectors, discretized etc.). In
such cases, the data preparation stage of learning should always be regarded
as a part of the system.

Recently a growing interest in meta-learning techniques may be observed,
aimed at finding the most successful learning algorithms and their parame-
ters for given data. The methods include simple search procedures and more
advanced learning techniques for the meta level.

4 Some remarks on learning algorithms

No algorithm is perfect or best suited for all the applications. Selection of the
most accurate algorithm for a given problem is a very difficult and complex
task. Efficient exploration of the space of possible models in pursuit of opti-
mal results requires a lot of knowledge about the advantages and dangers of
applying different sorts of methods to particular domains.

First of all, the computational complexity of learning methods (with regard
to the number of features, the number of vectors, data complexity and possibly
other quantities) decides on their applicability to the task.
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Learning processes should always be accompanied by validation tests. The
subject is discussed in more detail in chapter ?7. Here, we will just point out
one of the dangers of incorrect validation: when supervised feature selection
(or other supervised data transformation) techniques are used as the first
stage of classification (or regression) they must be treated as inseparable part
of a complex model. Validation of classification models on pre-transformed
data is usually much faster, but yields unreliable (and over-optimistic) results.
Especially when the number of features describing data vectors is large (similar
to the number of training vectors or bigger), it is easy to select a small number
of features for which simple models demonstrate very good results of cross-
validation tests, but their generalization abilities are illusory — this may be
revealed when the feature selection is performed inside each fold of the cross-
validation as a part of a complex system.

Another very important problem of learning methods is data incomplete-
ness. Much care must be devoted to data analysis when missing data are
replaced by some arbitrary values, some averages or even with techniques
like multiple imputation, because the substitutions may strongly affect the
results. The safest way to analyze incomplete data is to use methods which
can appropriately exhibit the influence of the missing values on the model
representation.
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